Introduction
Convexity is a fundamental concept in geometry, topology and functional analysis; see [1] . A set C of points in a metric space (X, d) is convex if for every two points x and y in C, every geodesic (shortest arc, curve or path) connecting x and y lies completely in C.
The best-known metric space in graph theory is (V (G), d), where V (G) is the vertex set of a graph G and the distance d (u, v) between two vertices u and v is the minimum number of edges of a u − v path. A u − v geodesic is a u − v path of d (u, v) edges. Convexity in graphs is discussed in the book by Buckley and Harary [2] and studied by Harary and Nieminen [12] .
In a connected graph G, the convex hull of a vertex subset S is the smallest convex set containing S. The hull number of G is the smallest cardinality of a set whose convex hull is V (G). The concept of the hull number of a graph was introduced by Everett and Seidman [11] and studied further by ( [5] ; [10] ; [13] ).
For any two vertices u and v in a graph G (digraph D, respectively), a u − v geodesic is a shortest path between u and v (from u to v, respectively). Let I(u, v) 
The lower geodetic number of G is g − (G) = minS(G), and the upper geodetic number is g + (G) = maxS(G). The concepts of the geodetic number and geodetic spectrum of a graph are introduced in [2] and [3] and investigated further in ( [3] ; [4] ; [6] - [8] ).
Motived by concepts of geodetic number and geodetic spectrum of graphs, in section 2 we will discuss a natural question: For any graph G, does its geodetic number belong to its geodetic spectrum? If not, which graphs have the property g(G) ∈ S(G) or g(G) / ∈ S(G) ? In section 3, we discuss the bounds of g + (G). Some lower bounds on g + (G) are given and we conjecture that g(G) ≤ g + (G) for any graph G. In section 4, we give a sufficient and necessary condition
, which improves the related result in [6] .
, where g ∪ H is the union of G and H, we only consider connected graphs in the following sections.
The Relation of g(G) and S(G)
We first introduce some notations and lemmas, which will be used in our proof.
An 1-degree vertex in G is a vertex of degree 1. A source (respectively, sink) of a digraph is a vertex of in-degree (respectively, out-degree) zero. It is easy to know 
Proof If it is not true, then F is a family based on S/{x}, i.e., S/{x} is a geodetic set of G. It is a contradiction that S is a minimum geodetic set of G.
Now we concentrate our attention on the graphs with
Thus, a graph G with
In [3] , complete graph K n , complete graphs with an edge deleted K n − e and complete r-partite graphs 
The following theorem is a main result in [3] , which is about graphs with S(G) = {2, 3, · · · , n}.
Theorem 5 ([3]) For evry two integers n and m with
, there exists a connected graph G of order n and size m such that S(G) = {2, 3, · · · , n}.
As a consequence, we have Let G and H be two graphs. G adding H at u and v, denoted by G u + H v , is defined as 
Since any x − y geodesic must pass through u and v for any x ∈ S 1 and y ∈ S 2 , we know I(
It is similar to prove that g(
The following theorem tell us how to construct larger graph G with g(G) ∈ S(G) from two small graphs.
Theorem 9 Let G and H be two nontrivial connected graphs. If
d G (u) = d H (v) = 1, then g(G) ∈ S(G) and g(H) ∈ S(H) imply that g(G u +H v ) ∈ S(G u +H v ) and g(G u •H v ) ∈ S(G u •H v ).
Proof Since g(G) ∈ S(G) and g(H) ∈ S(H), we have an oriented graph G of G with g(G ) = g(G) and an oriented graph H with g(H ) = g(H)
. By Lemma 1, u is in any minimum geodetic set S 1 of G and v is in any minimum geodetic set S 2 of H . If necessary, reverse the direction of each edge in G or H , we can assume that u is a sink of G and v is a source of H . Let the orientation of uv be the direction from u to v. Then we have an orientation
, we only need to prove that S 1 /{u} ∪ S 2 /{v} is a minimum geodetic set of D. Suppose F is a family based on S 1 in G and K is a family based on S 2 in H . By Lemma 3, there exists x − u geodesic in F for some x ∈ S 1 /{u} and v − y geodesic in K for some y ∈ S 2 /{v}. Note that those vertices lying on x − u geodesic or v − y geodesic must lie on x − y geodesic. The vertices in G not lying on x − u geodesic for x ∈ S 1 /{u} obviously lie on some geodesics on S 1 /{u}. It is also true that the vertices in H not lying on v − y geodesic for y ∈ S 2 /{v} lie on some geodesics on S 2 /{v}.
It is a contradiction that g(G ) = g(G) and g(H ) = g(H).
Now we consider graphs with g(G) /
∈ S(G). From Theorem 4 and Theorem 7, we know for a connected graph G with n vertices and e(G) edges,
But there exist graphs with Proof We prove a more general statement by induction on m that for every two integers n and m with 9 ≤ n ≤ m ≤ (n−9)(n−4) 2 + 9, there exists a connected graph G of order n and size m such that: Figure 1 is an induce subgraph of G and any vertex in V (G)/V (H) is adjacent to x and y ; For m = n ≥ 9, it is obvious that H in Figure 1 satisfies the conditions (C1)-(C4). Let G ∼ = H, the assertion is true. Suppose that m > n and the assertion is true for (n−9)(n−4) 2
By the induction hypothesis, there exists a connected graph G of order n ≥ 9
and size m − 1 such that : Figure 1 is an induce subgraph of G and any vertex in V (G )/V (H) is adjacent to
x and y ; The assertion then follows from induction.
From Theorem 4, we know g(G) ∈ S(G)
when G is graphs of order n and size ( n 2 ) or ( n 2 ) − 1. In fact, the readers can check that: for any graph G of order n ≥ 6 and size ( n 2 ) − i (i = 2, 3), g(G) ∈ S(G). So, an interesting problem is 3 The Lower Bounds of g
As we known in above discussion, for any graph G of order n, g + (G) ≤ n is an upper bound for g + (G) and many graphs, such as complete graphs, complete r-partite graphs and tree, can attain this bound. Now we look at its lower bounds.
For a connected graph G, H is the maximum bipartite subgraph of G if H is a maximum subgraph of G such that H has no odd cycle. Let o(G) denote the number of odd cycles of G.

Theorem 13 For a connected graph G of order n, H is the maximum bipartite subgraph of G.
Then
Proof Obviously, H is a spanning subgraph of G. Since H is bipartite, we can orient the edges
in E(H) such that any vertex in V (H) is source or sink. Then we add and orient the edges in E(G)/E(H) to H randomly until all edges in E(G)/E(H) are added to H. Note that it decreases at most one source or sink in H once we orient one edge in E(G)/E(H). Thus we have g + (G) ≥ n + |E(H)| − |E(G)|.
As a consequence, we have the following result.
Corollary 14 For a connected graph G of order n, let o(G) denote the number of odd cycles of
G. Then, g + (G) ≥ n − o(G).
Theorem 13 and its corollary imply that the upper geodetic number g + (G) may has relation
with the number of odd cycles in G. It also implies that g + (G) = n if G is a bipartite graph of order n. Obviously, the lower bounds in Theorem 13 and Corollary 14 can be attained for odd cycle C 2k+1 (k ≥ 2). Suppose C r and C k are two odd cycles with r, k
and v ∈ V (C k ). The readers can easily check that theses graphs, C r adding C k at u and v, also attained the bounds in Theorem 13 and Corollary 14. It is obviously that P n is of diameter n − 1 and g + (P n ) = n. Now we prove that if g + (G) = d + 1 for a connected graph of order n and diameter d, then G is a path P n .
Theorem 15 If G is a connected graph of diameter d, then
We first claim that for any vertex x ∈ V i with i = 0, 1, · · · , d − 1, it is adjacent to any vertex in V i+1 . If not, let k be the minimum number such that there exists a vertex x ∈ V k and a vertex
Without loss of generality, we assume that k is odd. We orient the edges between Let l be the minimum number such that |V l | ≥ 2 and
for a minimum geodetic set S of the oriented digraph. Without loss of generality, we assume l is odd. Since y is adjacent to all vertices in V l , y − x geodesic only covers x and y. Since x is adjacent to all vertices in V l+1 , certainly, xz ∈ E(G). Then z − x geodesic only covers z and x.
Hence other vertices in V l is not in I(S). It is a contradiction. Hence
and G is a path P n .
The proof is complete.
From Theorem 15, we have the following result.
Proof If G is P n , we know g + (G) = n . If the diameter of G is 1, then G is complete graph.
Therefore g + (G) = n. So we assume that G is neither P n nor K n . Let the diameter of G be Corollary 17 Let G be a connected graph of order n and diameter d.
From above two corollaries and known results in [3] , [6] and [9] , it is reasonable to propose the following conjecture.
Conjecture 18 For any graph G, g + (G) ≥ g(G).
Based on Theorem 15 and many known results, we raise the following problem to end this section.
Question 19 Is it true that
and minimum degree δ?
The Geodetic Numbers of Cartesian Product Graphs
In this section we will give a sufficient and necessary condition for g(G) = g(G × K 2 ) , which improve that the related result in [6] .
In the construction of G × K 2 , we have two copies 
As shown in [6] , this condition in Theorem 20 is necessary and sufficient when g(G) = g(G × K 2 ) = 2 or 3. But there exists graph with g(G) = g(G × K 2 ) = 5 (see Fig 5 and 
whether the condition in Theorem 20 is necessary and sufficient is unknown (see [6] ). Now we will try to give a sufficient and necessary condition for g(G) = g(G × K 2 ). Before we exhibit our main result in this section, we need to introduce some new notations.
Let S be a geodetic set of G and F be a family based on S. We say S relative to F can be partition into (S 1 , S 2 ) if it satisfies (A1) and (A2): Note that S 1 = ∅ and S 2 = ∅ by the observation preceding the theorem. Let S = S 1 ∪ S 2 , where S 2 is those vertices in G 1 corresponding to those in S 2 . Let v ∈ V (G 1 ). Since S is a geodetic set of G × K 2 , v lies on some x − y geodesic, where x ∈ S 1 and y ∈ S . If y ∈ S 1 , then v lies on some geodesic on S 1 in G 1 . Without loss of generality, we assume that y ∈ S 2 . Note that d(x, y ) = d(x, y) + 1 in G × K 2 , where y ∈ S 2 corresponding to y . Thus v also lies on an x − y geodesic in G 1 and S is a geodetic set of G 1 . Since g(G) = g(G × K 2 ), it follows that |S| = |S | and S 1 ∩ S 2 = ∅. Obviously, S 1 and S 2 are all nonempty sets and (A1) holds. We now show that there exists a family F based on S such that (A2) holds. Let F be a family based on S in G × K 2 with geodesics between S 1 and S 2 as many as possible. If there exists a vertex v ∈ V (G 1 ) not lying on any geodesic between S 1 and S 2 in F , then v lies on some geodesic on S 1 . We claim that v ∈ V (G 2 ), corresponding to v, also lies on some geodesic on S 2 in F . If not, then v lies on some geodesic between S 1 and S 2 in F . This implies that we can add a new geodesic between S 1 and S 2 to F such that v lies on this new geodesic. It is a contradiction to the maximal number of geodesics between S 1 and S 2 in F . Let F based on S be the image of F in G 1 . Hence, if v does not lies on any geodesic between S 1 and S 2 in F , v lies on both a geodesic on S 1 and a geodesic on S 2 in F . So, (A2) holds.
At last we give a graph with g(G) = g(G×K 2 ) = 4, which satisfies the hypothesis of Theorem
